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bstract

Molecular dynamics is used to investigate the coagulation of the precipitates in a supersaturated binary solution and its dependence on the
hermodynamic properties of the system, concentration and temperature. Lennard–Jones potentials with different parameters for different pairs of

toms are employed. Coagulation proceeds by gradual growth of clusters and is not a thermally activated process. The rate of coagulation depends
eakly on temperature. Solute clusters are initially amorphous and crystallize in the stable face-centered cubic structure only after reaching a

pecific size.
2006 Published by Elsevier B.V.
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. Introduction

Crystallization of one-component liquids and coagulation
f supersaturated solutions are very important stages of solid
hase formation. At the initial stage of coagulation the particles
ave nanoscale dimensions. Crystallization of a one-component
iquid is relatively well understood. The analytic solution for
he size distribution of precipitates was considered [1–6]. The
recipitation stage is followed by coalescence when smaller pre-
ipitates are dissolved and larger ones continue to grow [2,3,7].
he theory of coagulation of the solute from a supersaturated
olution is less developed. Different stages of coagulation were
onsidered analytically [6,7].

The conclusions of the thermodynamic theory were verified
y numerical simulations of the solidification process. Crys-
allization of a one-component liquid with the Lennard–Jones
nteraction potential was investigated using the molecular
ynamics (MD) method [8–14]. Face-centered cubic (FCC)
tructure is stable with this potential. In some cases [9,11] the
recipitates with the metastable body-centered cubic (BCC)

tructure were detected.

In this paper we study the initial stages of solute coagula-
ion in a supersaturated binary solution using the MD method.
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he interaction potentials must produce positive deviations from
deality for the liquid. When the system is cooled down into
he two-phase region of the phase diagram, the second phase
oagulates in the form of precipitates, or clusters.

. Simulation

We used Lennard–Jones interaction potentials:

ij(r) = 4εij

[( r0

r

)12 −
( r0

r

)6
]

(1)

For all atom pairs (11, 12 and 22) we put r0 = 2.27 Å;
urther, we assumed ε11 = 0.070 eV, ε22 = 0.174 eV, and the
arameter ε12 was assigned different values of 0.122,
.100, 0.089 or 0.078 eV. In these cases the mixing energy
ε = − ε12 + (ε11 + ε22)/2 is equal to 0.000, 0.022, 0.033 or

.044 eV. For �ε > 0 the solution shows positive deviations from
deality and separates in two liquid phases at low temperatures.
ositive deviations from ideality increase with �ε. The models
ontained N = 2997 or 5997 atoms in the simulation cube with
eriodic boundary conditions. The numbers of solute atoms were
2 = 50, 100, 200, 400 or 800.
The simulations were performed using the Verlet algorithm.
he time step was equal to 0.01τ0 or 0.03τ0, where τ0 is the

nternal time unit. For example, for argon τ0 = 6.434 × 10−14 s.
he MD run length was generally of the order of 105 time steps,
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ut in some cases it exceeded 1 million steps. Constant temper-
ture (500, 600 or 800 K) and zero pressure were maintained in
he simulations. We analyzed the coagulation process by detect-
ng clusters of solute atoms (each atom belonging to a cluster

ust have at least one neighbor in this cluster). Crystallization
f clusters can be observed either visually or by analyzing the
tructure factor of solute atoms S(q):

(q) =
∣∣∣∣∣∣

1

N2

∑
j

e−iqRj

∣∣∣∣∣∣
2

(2)

Here N2 is the number of solute atoms, q the scattering vector,
nd Rj the coordinate of the jth atom. If the atoms form an ideal
rystal lattice, then the structure factor S(q) must be equal to
nity in the directions of reciprocal lattice vectors and zero in
ther directions. If the system consists of crystalline clusters
urrounded by the liquid, the S(q) values are less than unity and
re of the order of 0.1 [15].

.1. Phase diagram analysis

In the case of a system with the potential (1) the triple point
emperature is TT ∗ = kTT/ε = 0.68 ± 0.02 [16] (k is the Boltz-

ann constant). For argon ε = 0.0103 eV and ε/k = 119.8 K; its
elting point (at 68.9 kPa) is 83.8 K. Using the value TT ∗ = 0.68
e obtain the melting point of 553 K at ε = 0.070 eV and 1374 K

t ε = 0.174. These were the melting points of two components
solvent and solute).

We calculated the phase diagram of the binary system at three
alues of ε12. In the case �ε = 0.022 eV we obtain a wide two-
hase region (solvent-reach liquid plus solute-reach solid) with
he critical point near 1920 K. For �ε = 0.044 eV the critical
oint is near 3840 K. At 600 K and �ε = 0.044 eV the solubil-
ty of solute in the liquid is near 0.97 mol%. As �ε grows the
quilibrium solubility diminishes.

.2. The coagulation process

This process was simulated for the total number of atoms
= 2997 at temperatures 500, 600 and 800 K. Cooling of the

olution with 1.67–13.3 at.% (50–400 solute atoms) from 2000
o 600–800 K takes it into two-phase region and triggers the
oagulation of the solute.

The initial states were taken from MD models created with
12 = 0.122 eV at the temperatures 500, 600, 800 and 2000 K.
hen the parameter ε12 was changed to 0.100, 0.89, 0.78 or
.56 eV, and the behavior of the system was investigated in long
D runs. In the case of full coagulation all solute particles

ather in one cluster and only small particles remain in the liquid
hase. The precipitating clusters are amorphous. We monitored
he coagulation process using the total interaction energy U22 of
he solute–solute pairs and the distribution of solute clusters.
During the coagulation process the solute atoms approach
ach other and their interaction energy diminishes. This energy
symptotically approaches a definite minimal value. A special
eature of the U22(t) graph is the presence of sharp kinks on the
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ackground of smoothly diminishing energy U22. These jumps
ppear when two neighboring solute clusters attract each other
nd form a cluster.

Another way to monitor coagulation is to analyze the distri-
ution of solute clusters. For example, the notation 11521082981

eans that the system contains 15 isolated solute atoms
monomers), 10 dimers, two 8-atom clusters, and one large
luster with 98 solute atoms.

Dependence of the coagulation rate on solute concentration
as considered. The observed dependence of U22 on time t may
e approximated as ln y = −kt + ln(y0) where y(t) = (U22(t) −
∝
22)/(N2 − N20) and U∝

22 is the asymptotic value of U22(t) at
→ ∝. This dependence is almost linear. The slope enhances
ith the growth of N2. The coagulation rate grows linearly in

he number of solute atoms per unit volume, because the rate of
luster collisions increases with their density.

One can explore the coagulation process using the clus-
er distribution. A convenient characteristic here is the value
f the second moment of the cluster size distribution M2 =

i2ν(i)/N2, where ν(i) is the number of clusters containing
atoms. The dependence of M2 on time for N = 2997, T = 600 K,
ε = 0.044 eV and N2 = 100 is shown in Fig. 1. Sharp upturns

appen when two clusters coalesce; downturns correspond to the
pposite events. The graphs for N2 = 50, 200 and 400 are sim-
lar. The initial slopes are proportional to N2

2 . In real time the
raphs very quickly approach the asymptotic values. For exam-
le, at N2 = 100 this time is equal to 3.6 × 10−10 s (for argon). It
iminishes with the growth of the solute atom number, i.e. with
he growth of supersaturation.

Let us consider some cluster distributions after long MD
uns. For example, at 600 K, N = 2997 and N2 = 200 after
50,000–460,000 time steps (i.e. at t/τ0 = 2500–4600) the dis-
ributions are as follows:

ε (eV) Distribution

24 5 4 1 1 1 1 1 1 1 1
ig. 1. Dependence of the second moment M2 on step number for the case
= 2997, T = 600 K, �ε = 0.044 eV and N2 = 100. The length of time step is

qual to 0.03τ0 = 1.93 × 10−15 s.
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At �ε = 0.022 eV the system is obviously far from equilib-
ium. The coagulation rate grows quickly with the value �ε,
nd for �ε = 0.066 eV it generally takes about 400,000 steps to
each equilibrium.

In the case N = 2997, T = 600 K and �ε = 0.044 eV we
btained the following distributions of solute clusters:

2 Step number Distribution

0 315,000 1821121131151

00 210,000 1831191281421

00 140,000 16315811331

00 100,000 123981

At N2 = 400 almost all solute atoms coagulate in one cluster.
he cluster distribution is very sensitive to the initial conditions,
ut the values of energy U22 in these cases are rather close.

Next, dependence of the coagulation rate on system size was
onsidered. Besides the models of the size N = 2997 the coag-
lation of solute in the system of the size N = 5997 particles
800 solute atoms) was investigated at 600 K and �ε = 0.044 eV.
he concentration here is equal to the case of N = 2997 and
2 = 400. The ratio of U22 values for greater and lesser models
as 1.86–1.91 along the run of 275,000 time steps and is very
ear to the ratio of solute atom numbers (=2). So the result (in
espect to one solute atom) depends too little on the system size.

The cluster distributions are less reproducible. The coagula-
ion of small groups in greater ones, containing some tens of
toms, goes with similar rates in models with equal N2. Firstly
onomers and small groups disappear. It takes about 100,000

ime steps. Further big clusters steadily attract themselves and
oined together. This stage is far longer.

For the dependence of coagulation rate on the temperature,
ata were obtained at three temperatures 500, 600 and 800 K.
he time dependences of energy U22 are shown in Fig. 2 for
= 2997, N2 = 200 and �ε = 0.044 eV. The temperature has

lmost no effect on the coagulation rate which is very low, and

ven at t/τ0 ∼ 2500 the process is still in the initial (linear) part of
he trajectory. The data for N2 = 200 and �ε = 0.033 eV are sim-
lar. Heating from 500 to 800 K leads to a very small increase in
he coagulation rate by 12–15% at intermediate and later stages,

ig. 2. Time dependence of U22 at different temperatures. N = 2997, N2 = 200
nd �ε = 0.033 eV: (1) 500 K, (2) 600 K, and (3) 800 K.
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nd by about two times at the initial stage. The kinetic analysis
s not straightforward because the solute solubility N20 in the
iquid phase decreases with the growth of �ε and at cooling. In
act, at �ε = 0.022 eV the heating lowers the coagulation rate,
t �ε = 0.033 eV temperature has almost no effect on the rate,
nd at �ε = 0.044 eV the rate grows slightly with temperature.
hese results can be explained by the diminishing of the solute
olubility with the growth of �ε. At �ε = 0.022 eV the solubility
s rather large, and the main role of heating is to lower the super-
aturation as the liquidus line is approached. At �ε = 0.044 eV
he solubility is low and depends weakly on temperature, so
he main effect of heating is to increase the diffusion rate. At
ε = 0.033 eV these effects compensate each other.
At the initial stages the growth of the diffusion rate plays the

ain role in accelerating the coagulation rate at heating. On more
dvanced stages the lowering of supersaturation becomes impor-
ant. However, the effect of temperature is strongly masked by
ariations in the coagulation process related to the randomness
f cluster formation and decay.

Therefore we see that the growth of diffusivity at heating does
ot lead to a proportional enhancement of the coagulation rate.
ence the transport of atoms to the surface of existing clusters is
ot the bottleneck. At the initial stages the coagulation is limited
y the attachment of small clusters (monomers and dimers) to
arger clusters. These events occur by the removal of solvent
toms from the space between the boundaries of solute clusters.
eak temperature dependence indicates that the cluster growth

s not the thermally activated process.
Dependence of the coagulation rate at N = 2997, N2 = 200,

= 500 K on �ε value is shown in Fig. 3. The graphs for 600
nd 800 K are similar. Solubility in the solid phase diminishes
ith the growth of �ε. Supersaturation ζ is equal to the ratio of

olute concentration X2 to the equilibrium one X2s with respect to
he solid solute phase. “The driving force” of coagulation is the
ifference between the chemical potentials of solute atom in the
olution and in the solid phase f = kT ln �. In the case of small sol-

bility the theory of regular solutions gives NkT ln X2s ∼= − Nz�ε

nd f ∼= kT ln X2 + z�ε (z is the coordination number). Hence the
rowth of �ε must lead to the enhancement of the coagulation
ate, as it is seen in Fig. 3.

ig. 3. Time dependence of ln y at 500 K and different values �ε. In all cases
= 2997, N2 = 200. The values of �ε are equal to: (1) 0.022 eV, (2) 0.033 eV,

nd (3) 0.044 eV.
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ig. 4. Visualization of solute atoms in the model with N2 = 400 and
ε = 0.022 eV. Relaxation time t = 16,577�0. The solvent atoms are not shown.

In sufficiently long MD runs (of the order of 104 to 105 τ0)
reat amorphous clusters existing in the supersaturated solution
ay crystallize. This process can be observed either visually or

y calculating the structure factors (SF) S(q) for different direc-
ions of the scattering vector. The formation of ordered atomic
ayers was visually observed in the models with N = 2997,

2 = 400, 200, 100 at �ε = 0.022 eV and N = 2997, N2 = 400 at
ε = 0.044 eV and also in the model with N = 5997, N2 = 800

nd �ε = 0.044 eV. In the last case the maximal value of SF was
qual to 0.0158 for a solvent and 0.0707 for solute clusters. The
mallest crystal precipitate contained 67 atoms; it was discov-
red in the model with N = 2997, N2 = 100 and �ε = 0.022 eV.
n the models with too few solute atoms the calculation of SF is
ess informative, because too few atoms contribute to the sum.

The crystal clusters appearing in the model may be directly
bserved. In this case the atomic rows and layers are clearly seen.
ne such situation is shown in Fig. 4 (model with N = 2997,
2 = 400 and �ε = 0.022 eV after the relaxation time 16,577�0).

In the model with N = 5997, N2 = 800 and �ε = 0.044 eV
basic cube edge length 43.850 Å) after the long run at 600 K the
luster distribution was obtained as 821112120114051. Taking
he cluster form as spherical one can evaluate the total boundary

urface as 3340 Å2. Dividing the energy difference by this
urface we obtain the excess surface energy 0.515 J/m2. This
alue is probably highly overestimated because of the presence
f numerous defects in solute clusters and their irregular shape.

[

[
[

d Compounds 434–435 (2007) 577–580

. Discussion

In the case of coagulation of a binary solution with the poten-
ials (1) it is not necessary to overcome the potential barriers of
oticeable heights, and therefore the process proceeds without
hermal activation. As a result, temperature has a very weak
ffect on the coagulation rate.

The initial stage of coagulation proceeds rather quickly in real
ime and takes about 10−9 s. At later stages the distance between
lusters grows, and the coagulation rate diminishes. Our models
re too small to study these later stages of coagulation.

The coagulation mechanism consists in the attachment of
onomers and small clusters to larger ones. When a cluster

rows beyond a certain size, it may crystallize. Crystallization
f amorphous clusters in our models was observed in all cases
hen the cluster size exceeded 60–70 atoms. A similar (two-

tage) feature was observed in Ref. [17] in the simulation of
lobular proteins.
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